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Inverse Boundary Value Problem by Partial data for the 
Neumann-to-Dirichlet-map in two dimensions 
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{N| 1 Abstract 

_ For the two dimensional Schrodinger equation in a bounded domain, we prove uniqueness of 

determination of potentials in Wp , p > 2 in the case where we apply all possible Neumann 
data supported on an arbitrarily non-empty open set T of the boundary and observe the corre- 
sponding Dirichlet data on T. An immediate consequence is that one can uniquely determine a 
conductivity in Wp (f2) with p > 2 by measuring the voltage on an open subset of the boundary 
corresponding to current supported in the same set. 
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1 Introduction 



Let Q C M 2 be a bounded domain with smooth boundary dfl and let v = (1/1 , v<i) be the unit outer 
normal to dO, and let = V • v. 

In this domain we consider the Schrodinger equation with a potential q: 

in' 

in- L q (x,D)u = (A + q)u = in fl. (1) 

d 

(N 



Let r be a non-empty arbitrary fixed relatively open subset of dil. Consider the Neumann-to- 

1 defined by 

\f ■ f "If > ( 2 ) 



Dirichlet map N p with partial data on T defined by 



where 

^^^^ ' c^Ui dtXi 

(A + q)u = in n, ^|^ F = 0, —\ f = f (3) 



with domain D(N ~) C L 2 (T). Without loss of generality we may assume that <9f2 \ T contains 
a non-empty open set. By uniqueness of the Cauchy problem for the Schodinger equation the 
operator N p is well defined since the problem ([2D has at most one solution for each / 6 L 2 (T). 

Thanks to the Fredholm alternative, we see that D(N f) = D(N ^) and L 2 (T) \ D(N p) is finite 
dimensional for any potential q in VF 2 1 (^)- 
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The goal of this article is to prove uniqueness of the determination of the potential q from 
the Neumann-to-Dirichlet map N p given by ([2]) for arbitrary subboundary T. More precisely, 

we consider all Neumann data supported on an arbitrarily fixed subboundary T as input and 
we observe the Dirichlet data only on the same subboundary T. This map arises in electrical 
impedance tomography (EIT) where one attempts to determine the electrical conductivity of a 
medium by inputting voltages and measuring current at the boundary. After transforming (1) 
to the conductivity equation, we can interpret it|p and Ijjjp respectively as the voltage and the 
multiple of the current by values of the surface conductivity. In practice, we can realize such inputs 
and outputs by applying current to electrodes on the boundary and observing the corresponding 
voltages. The current inputs are modeled by the Neumann boundary data 4^ and the observation 
data is modeled by Dirichlet data. See e.g., Cheney, Issacson and Newell [10] for applications 
to medical imaging of EIT. Moreover it is very desirable to restrict the supports of the current 
inputs as small as possible. To the authors' best knowledge there are few works on the uniqueness 
by such a "Neumann-to-Dirichlet map" with partial data. In Astala, Paivarinta and Lassas [3], 
the authors consider both the Dirichlet-to-Neumann map and the Neumann-to-Dirichlet map on 
an arbitrarily subboundary to establish the uniqueness of an anisotropic conductivity modulo the 
group of diffeomorphisms which is the identity on the boundary where the measurements take place. 

The case where the measurements are given by the Dirichlet-to-Neumann map has been exten- 
sively studied in the literature. This map is defined in the case of partial data by 

du 

\f : 9 ->• T^lf; (A + g)u = in O, u\ m ^ = 0, u\f = g. 

We give some references but the list is not at all complete. In the case of full data T = d£l, this 
inverse problem was formulated by Calderon [9]. In the two dimensional case, given a Dirichlet- 
to-Neumann map p on an arbitrary subbondary T, uniqueness is proved under the assumption 

q G C 2+a (J7) by Imanuvilov, Uhlmann and Yamamoto |14| and for the uniqueness for potentials 
q G Wp (£l),p > 2 see Imanuvilov and Yamamoto [19]. For other uniqueness results by the Dirichlet- 
to-Neumann map on an arbitrary subboundary T, we can refer also to Imanuvilov, Uhlmann and 
Yamamoto [15], [T7]. Also see Imanuvilov and Yamamoto |18] for uniqueness results for elliptic 
systems. In Guillarmou and Tzou [T2], the result of |14] was extended on Riemmannian surfaces. In 
particular, for uniqueness in determining a two-dimensional potential with full data: A„ qq, we refer 
to Blasten [3], Bukhgeim [7] and, Sun and Uhlmann [23], and for systems in Albin, Guillarmou, 
Tzou and Uhlmann [1] and Novikov and Santacesaria [22]. For the case of full data, in [3] and 
[19] . it was shown that A g qq uniquely determines q in the class piecewise Wp(Q) with p > 2 and 
C a (£l), a > 0, respectively. As for the related problem of recovery of the conductivity in EIT, Astala 
and Paivarinta [2] proved uniqueness for conductivities in L°°(Q), improving the results of Nachman 
[21] and Brown and Uhlmann [6j. Moreover for the case of dimensions n > 3 with the full data 
Sylvester and Uhlmann [25] proved the uniqueness of recovery of a conductivity in C 2 (f2), and later 
the regularity assumption was improved (see, e.g., Brown and Torres [5], Paivarinta, Panchenko 
and Uhlmann |23j and Haberman and Tataru [13j). The case when voltages are applied and current 
is measured on different subsets was studied in dimensions greater than three in Bukhgeim and 
Uhlmann [8], Kenig, Sjostrand and Uhlmann [20j and in Imanuvilov, Uhlmann and Yamamoto [16] 
for the two-dimensional case. 
Our main result is as follows 

Theorem 1 Let gi ,q 2 G W}(Q) for some p > 2. If D(N qif ) C D{N q ^) and N^f) = N q ^{f) 
for each f from D(N p), then q\ = q 2 in Q. 
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Notice that Theorem Q] does not assume that fi is simply connected. An interesting inverse 
problem is whether one can determine the potential in a domain with holes by measuring N p only 

on some open set T in the outer subboundary. 

Let fi, G be bounded domains in M 2 with smooth boundaries such that Gcfl. Let T C dfl be 
an open set and q G Wp(fl \ G) with some p > 2. Consider the following Neumann-to-Dirichlet 
map: 

N q f : / -> u\ f , 

where 

ueH\n\G), (A + g )u = 0mn\G, ^\ dGu{m ^ = 0, -\ f = f. 
Then we can directly derive the following from Theorem 1. 

Corollary 2 Let qi ,q 2 G W^fi \ G) with some p > 2. If D(N qi f ) C D(N q2 f ) and N f (f) = 
N g2 ,f(f) f or each f f rom D ( N qi ,r)> then 11 = 0.2 in£l\ G. 

For the case of EIT, if the conductivities are known on T, then we can apply our theorem to 
prove uniqueness of the determination of conductivities in Wp(Q),p > 2 from the Neumann-to- 
Dirichlet map. 



The remainder of the paper is devoted to the proof of the theorem [TJ The main technique 
is the construction of complex geometrical optics solutions whose Neumann data vanish on the 
complement of T. 

Throughout the article, we use the following notations. 

Notations. We set Tq = d£l \ T, i = y/—l, xi,x 2 G R , z = x\ + 1x2, z denotes the complex 
conjugate of z G C. We identify x = (x±,x 2 ) G K 2 with z = x\ + 1x2 G C and £ = (£1,^2) with 
C = £1 + »6- d z = \{d xi - id X2 ), c\ = \{d xx + id X2 ), D = (\d xl ,\d X2 ) , d ( = - i%),<9f = 
5(^1 + Denote by B(x, 5) a ball centered at x of radius 5. For a normed space X, by ox(pz) 
we denote a function f(r, •) such that \\f(r, -)\\x = o(-^) as |r| — > +00. The tangential derivative 
on the boundary is given by d? = ^2^" — ^ia§^; where v = (z/l, 1^2) is the unit outer normal to d£l. 
The operators dj l and 9j are given by 

d^9 = -- [ ^dfedfr, ^ = fl?i. 

We call antiholomorphic if b(z) is holomorphic. In the Sobolev space W\ (^) we introduce the 
following norm 

IMIw^) = (IMIw^n) + kl 2 lkll^ (n) )i 



2 Proof of Theorem 1 

Let = + iip be a holomorphic function in f2 such that tp are real- valued and 

$GC 2 (n), im$|r 5 =o, r ccr^, (4) 
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where Tg is some open set in d£l. Denote by T~L the set of the critical points of the function 
Assume that _ 

U + % S**(z)^0, Vz£n, UC\f = % (5) 



/ Ida = 0, J = {x; d^(x) =0,xedfl\ T* }. (6) 
J J 



and 

'J 

Let fii be a bounded domain in M? such that CC Sli and C be some smooth complex- valued 
function in £1 such that 

dC 

2— = C 1 (x) + iC 2 (x) in Ox, (7) 
oz 

where C\ , C 2 are smooth real- valued functions in such that 

^ + ^ = i ^ n, (8) 

The following proposition is proved as Proposition 2.5 in |17j . 

Proposition 1 Suppose that q G L°°(f2), i/ie function <J? satisfies Q) ; |5]) ; and i/ie function C 
satisfies (?[), ||]) and u G W^O) . Then there exist tq and C(N) independent ofv and r such that 

f ||2<W^|| i2(n) + T || 5e ^» C||ia(n) + || 5e ^ + ^||2,, (n) + T^Xv^f^ 

< \\L,(z,DW^l Ha) +C(iV)r||(Se- + -.|H e ^)||J l , 1 , I(8!!)xL2(M) (9) 

for all t > tq(N) and all positive N > 1. 
Let v G satisfy 

~ dv 
L q (x,D)v = f in 17, — |r* = 0. 

Using Proposition [H we can show the following. 

Proposition 2 Suppose that <J? satisfies {5]J and q G L°°(f2). T/ien i/iere exisi To and C 
independent of v and t such that 

||~ p rip\\2 ,\\^ p Tip\\2 i T 2|||^|~ T<p\\2 

T W ve Ili2(n) + \\ve \\ w i(ty +t HI Qz \ve || L2(n) 



< C ( \\L q (x,D)ve^\\% m + T ||(ife*v _ )||^ (F)xi2(F) ) (10) 



/or aZZ r > tq and /or aZZ v G if (fi). 



Proof. Let {e^l^f^ be a partition of unity such that ej G Co°(B(xj,5)) where Xj are some 
points in Q, 

M a 

Y j e ] {x) = l onfi, ^;lr 3 =0 Vj G {1, . . . , M}, 
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and 5 be a small positive number such that B(xj,5) n Tq ^ implies B(xj,5) n <9£1 C Tq. Denote 
= ejU. Let supptfj n (dU \ T) = 0. Then Proposition [1] implies that there exists to such that for 

all T > Tq 

— \\zOzWje e || L 2(f2) 

, -.\\..,. p T<p+NC\\2 , II T^+iVC||2 i t-2 in ^£ | r V +7VC ||2 

+ r ll w j e ll^2(n) + ll w j e lli?i(n) + r HL 2 (f2) 
< C\\L q (x,D)w^ NC \\l 2{n) +Cm\(^,^^)\\^r {f)xL2{fy (11) 

Next let suppuij n (dQ \ T) / 0. We can not apply directly the Carleman estimate (TlOj) in this 
case, since the function Wj may not satisfy the zero Dirichlet boundary condition. To overcame 
this difficulty we construct an extension. Without loss of generality, using if necessary a conformal 
transformation, we can assume that suppm,- flfic {22 > 0} and supp Wj D dQ C \x<i = 0}. Then 
using the extension Wj(xx, x%) = Wj(xi, — X2), q(x\, X2) = q(xi,—x%) and <p(xi,X2) = (p(x\, —X2), 
we apply Proposition [T] to the operator L q (x,D) in O = suppejL){a;|(a;i, — x%) £ suppe^}. We have 
the same estimate (jlip . Therefore for all r > t$ 

||5T||2 ._ n~ Tip+NCn2 ,n~ T<p+NC\\2 , 2 n | |^ p r V +7VC m2 

IfII* •- r ll ve + ll ue + r III ^ l ue llz, 2 (n) 

M M a™ P Tv 

< £ IK-II* - ^E H-^fa D ) w 3 eT<P+NC \\h(Q) + ^(iV)IIK-e^, 
i=i i=i 

M 

< C^(||A e ^e^ c ||| 2(n) + ||2d 2 e^e^ c ||| 2(Q) - Al^e^^l^ 
i=i 

+ 1 1 z.,, , z?)?r e -^+^ 1 1 ( ^) ) + c (iv) 1 1 (?r e -^ , ^gl^ ) 1 1 ^ ,^ (F) x ^ 2 (F) . (12) 



Fixing the parameter N sufficiently large, we obtain from ([12 



Ml < C(N) (\\ve^+ N % 2{n) + \\L q (x,D)ve^ NC \\l 2{n) + \\(ve^ , ^)ll^ (F)xi2(F) ) • (13) 



The first term on the right-hand side of (|13p can be absorbed into the left-hand side for all sufficiently 
large r. Since N and C are independent of r, the proof of the proposition is finished. □ 

The Carleman estimate (|10p implies the existence of solutions to the following boundary value 
problem. 

i 

Proposition 3 There exists a constant tq such that for \r\ > tq and any f £ L 2 (£l),r £ W 2 2 (Tq), 
there exists a solution to the boundary value problem 

flu 

L q (x,D)u = fe T * inn, —\ To =re T * (14) 

such that 

IMIw^pijA/H < C(\\f\\ L 2 {n) + |r|3||r|| L2{ro) + ||r|| i ). (15) 
The constant C is independent of r. 
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The proof of this proposition uses standard duality arguments, see e.g., 

We define two other operators: 

K T g = l -e<*-^d=\ge<*-^), K T g = ie^"*)^ 1 ^*""^)- (16) 

Observe that 

2^(e r *n T g)=ge r *, 2^{e*K T g) = gf* Vg G L 2 (VL). (17) 
Let a G C 6 (r2) be some holomorphic function on O such that 

lma| n =0, lim a(z)/\z - z\ wo = 0, Vze^nrJ. (18) 

Moreover, for some x G H, we assume that 

a(x) ^ and a(x) = 0, Vx G "H \ {x}. (19) 

The existence of such a function is proved in Proposition 9 of [18]. Let polynomials M\(z) and 
M$(z) satisfy 

(d^ qi - Mi)(x) = 0, {d~ l qi - M 3 )(x) = 0. (20) 

The holomorphic function a\ and the antiholomorphic function b\ are defined by formulae 
ai(z) = 01,1(2) + 01,2(2) + 01,3(2) and bi(z) = b^i (z) + 61,2(2) + 61,3 (2) where 01,1,61,1 G C 1 (0) and 

»-a-oi,l(2) = 5 + 7a * l T> 7^ onr o 21 ) 

of or/ ou ov 4o z 9 ov A&z<& 

and 01,2(2,7"), 61,2(2, t) G C 1 (J7) for each r are holomorphic and antiholomorphic functions such 
that 
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(z/i - ^ 2 )a(ctV - M x )e T (*-*) 
612(2,7") = / =^ dcr 

and _ 

1 /■ (^ 1 + i I , 2 )a(a7 1 (Z 1 -M3)e^-*) 
01,2(2,7-) = - — / — — -== da. 



8vr 7 an (C - 2)^$ 

Here the denominators of the integrands vanish in T~L n Tq, but thanks to the second condition in 
(JT8J) integrability is guaranteed. We represent the functions 01,2(2, r), 61,2(2, t) in the form 



01,2^) t) = 01,2,1(2?) + 01,2,2(2, t), 61,2(2, t) = 61,2,1(2) + 61,2,2(2, r), 

where 

1 r {ui - iv 2 )a{d^ 1 qi - Mi) l <■ [y x + iv 2 )a(d7 l gi - M 3 ) 

61,2,1(2) = - — / 7= — =-— da, 01,2,1(2) = -— / — -= da. 

8vr7 r5 (C-2)9 C $ 8?r J T * (£ - z)df$ 

By ([HI), the functions 61,2,1,01,2,1 belong to C 1 ^). By © we have 

||6i, 2 ,i(-,r)|| i2 ( n ) + ||ai,2,i(-,r)|| L 2( Q ) ->• as r -> +00. 



Finally a\ $(z, r), b\ 3(2,1") G W.f(fi) for each r are holomorphic and antiholomorphic functions 
respectively such that 



.dip 



i dtp 



.—a h3 (z,r)-i — b h3 (z,r) = —— / d c 



dv 



2?r 



'a(^V -Mi)\ e r(*-*) 



~2irduL C 



'3(5, V - Af 3 )\ r(*-*) 



d&dii on Tq 



and 



lki,3(-,^)||L2(Q) + ||bl,3(-|T)||i2(n) = o(l) as r -> +00. 
The inequality (|23H follows from the asymptotic formula 



(22) 
(23) 



+ 



9i -Af 3 )\ e r(#-*) 



'a(S 7 V -Mi)\ e T(*-«) 



= o(l) as t — > +00. 



(24) 



w*(r*) 



In order to prove (|24p consider the function e G Cg°(f2) such that e = 1 in some neighborhood of 



a(d- 1 qi-M 1 )\ pT (<s>-$) 



the set H\Tq. The family of functions f n ed^ ( c d ^ ) 6 d&d^i G C°°(<9f2), are uniformly 



bounded in r in C 2 (9f2) and by Proposition 2.4 of [13] this function converges pointwisely to zero. 
Therefore 



aid^qx -Mi)\ e r(*~$) 



C 



o(l) as r — )• +00. 



(25) 



W a i(«l) 



Integrating by parts we obtain 



(l-e)d ( 



a(d- 1 q 1 -M 1 )\ e r(*-«) (1-e). /a^V - Mi) 



- a. 



t ./n 



e r(*-*) 



= r(*-*) 



'atcCV - Afi 



-<«i- 



Thanks to © and (HHP, we have 



l-e_ 9 (a(d- l qi - Mi) ^ r 



r(*-$) 



o(l) as t — )• +00. 



(26) 



w?(rs) 



The functions <9 C ( ^|<9 C I ^ 



e r (* *) are bounded in LP{VL) uniformly in r. There- 



fore by Proposition 2.2 of [2], the functions f n \^§d^ 
formly bounded in Wp (O). The trace theorem yields 



1 = - ] a^2«?i are um- 



- / d< 
t Jn 



1 - e 



Or 



'a{d^ qi -Mi)\ e r(*-*)' 



o(l) as r ->• +00. (27) 
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By d25j)-(l2ZD we obtain ([Mil . 

We note that by (fTHj) the function £ C 2 (dQ). We define the function U\ by the formula 

U x {x) = e^(a + ai/r) + e^*(a + &i/r) - ^^{a^V - Mi)} - ^^{a^V - M 3 )}.(28) 
Integrating by parts, we obtain the following: 



e T9 n T {a(d^ qi - Mi)} = - \ 2b lj2 e T9 + 



1 f,, r$ , e^a(d- 1 q 1 -M 1 ) 



2d z § 



(29) 



and 



+ 



2tt 



Or 



'a(d^ L qi -Mi)\ e r(*-*) 



d£,2<J£,i 



e rq> n T {a(d-' qi - M 3 )} = - 2a li2 e TCp + 



e rCp a(^ 1 ( 7i - M 3 ) 



+■ 



2vr 



We claim that 



-ITIp 



'a(d 7 1 q 1 -M 3 )\ 6 t(*-») 



2^$ 



2vr 



'a(<9/gi -Mi)\ r(*-$) 



+ 



' a^- 1 ^ - M 3 )\ e rC*-$) 



2tt 



<;<> 



L2(n) 

— ^ as r — >■ +oo. 



L 2 (Q) 



(30) 



(31) 



We prove the asymptotic formula (|3ip for the first term. The proof of the asymptotic for the second 



term is the same. Denote r T (£) = d { 



8(9 



e r(*-*) < By ©, ([HD and ([20]), the family of 



these functions is bounded in L P {Q) for any p < 2. Hence by Proposition 2.2 of [H] there exists a 
constant C independent of r such that 



-trip 



2vr 



0(9-^1 - Mi) \ e r(0-l) 



< c. 



(32) 



L 4 (f7) 



By ©, CE]) and t[2Djl . for any z ^ x\ + ii 2 , the function r r (£)/(C ~ z) belongs to L 1 ^). 
Therefore by Proposition 2.4 of [2], we have 



-imp 



2tt 



d, 



'aid^qi -Mi)\ e r(0-0) 



d&d^i - ^ a.e. in Q. 



(33) 



From (I32j) . (I33h and Egorov's theorem, the asymptotic for the first term in (|3ip follows imme- 
diately. 
We set 



j.rip 



-imp 



g T = qxi^ax/r + e^h/r - —K T {a(d= l q x - Mi)} - } 



^ r {s(a-V - M 3 )}). 
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By qagp - qaip we have 

\\9t\\l 2 (q.) = 0{-) as r -> +00. (34) 
r 

Short computations give 

Li{x,D)U\ = e Tip q T in 17, —— !- |r n = e r</3 1 ( — ) as r — > +00. (35) 
u 7 y ' du 10 W 2 2 (T*)V v ; 

Indeed, the first equation in (|35p follows from (|28p . (|19p and the factorization of the Laplace 

dUi 
du 



operator in the form A = Adzd z . In order to prove the second equation in ([33]) we set ^p- = I\ + 12 



where 

Ii = |-((a + a^i/rje^ + (a + &i,i/r)e^) 

(dip dip _ d d _ 

ir-^-(a + aii/r) - ir-^-ia + 61,1/r) + 77- (a + aia/r) + tt-(« + &i,i/r' 
<w <w ov ov 

_ fj f^ : M '> - ff **'?! M3) ) «~ + ^O c , ri (l). (36) 
In order to obtain the last equality, we used (fT8|) and ([2T]) . Then 

ia = |;((«i,2 + a lj3 )e T * + (b 1>2 + 6 ll3 )e T *) - ^(e^n T {(a(dg 1 q 1 - M x )} 

+e T¥ ^ r {a(5- 1 g 1 - M 3 )}) 
1 5 fe T *a(dg 1 q l - Mi) e r¥ /" n e r(*-l) 

= - 2 ^ (—4m — - + * y n ^ ( v J 

2^<D 2tt y n C V 8^ / C - z 

= _, ft7 [ — w 1^1 ) +0 whn) i r ) - (37) 

From ([5U|) and (|3T|) . we obtain the second equation in ([55]) . 

Finally we construct the last term of the complex geometric optics solution e TLp w T . Consider 
the boundary value problem 

L qi {x,D)(w T e f) = -g T e v m Q, r = — 75—- (38) 

ov ov 

By (|34p and Proposition [3l there exists a solution to problem (|38p such that 

Ikrllx^rn) = o(-) asT-^+oo. (39) 

T 

Finally we set 

ui = Ui + e Tlp w T . (40) 

By ([39]) . ([jO]) , ([23]) and (p8|) -([30 |) . we can represent the complex geometric optics solution ui in the 
form 

ui(a?) = e r *(a + (ai,i + oi A i)/t) + e r *(a + (61,1 + &i, 2 ,i)/t) 

+e ^ SS^l ) +e ^ (n ,(l) a^ + ». (4!) 
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Since the Cauchy data ([2]) for the potentials q\ and q 2 are equal, there exists a solution u 2 to 

du 1 du2 

du du 



the Schrodinger equation with potential q 2 such that = ^P- on dQ and ui = 112 on f . Setting 



u = u\ — U2, we obtain 

(A + q 2 )u = (q 2 - qi)ux in f2, w|= = — | 9n = 0. (42) 

1 av 

In a similar way to the construction of m, we construct a complex geometrical optics solution 
v for the Schrodinger equation with potential q 2 - The construction of v repeats the corresponding 
steps of the construction of u\. The only difference is that instead of q\ and r, we use q2 and — r, 
respectively. We skip the details of the construction and point out that similarly to (|4ip it can be 
represented in the form 



v{x) = e~ T *(a + (ai,i + Si, 2 ,i)/r) + e" r *(a + (61,1 + &i A i)/r) 
r $a(^ 1 g 2 -M 2 ) ^a^ 1 ^ - M 4 )\ 1 



where M 2 (z) and M 4 (z) satisfy 

{d= l q 2 ~ M 2 )(x) = 0, (d; 1 q 2 ~ M A )(x) = 0. 

The functions ai(z) = ai^(z) + a\ :2 (z) and b\{z) = 61,1(2;) + 6i. 2 (z) are given by 

, , , .dip- d(a + a) .diPa(dZ 1 q 2 -M 2 ) .dip o^J 1 © - Af 4 ) 

du av av av 4to z 9 av 4rd z <& 

01,1,61,1 G C 1 ^) (44) 
and 01,2,1(2), 61,2,1(2) G C 1 (J7) are holomorphic functions such that 

_ 1 f (yi-iv 2 )a{d= 1 q 2 -M 2 )e<*-*) 
6121(2) = — / =^ do" 

and _ 

_ 1 r ( J , 1 + ^ 2 )a(a c - 1 g 2 -M 4 )e^-*) 
«i,2,i(2) = ^- / — 2 — 777== dcr. 



8^ 7r 5 (C - 

Denote q = qi — q 2 . Taking the scalar product of equation (|4*2j) with the function v, we have: 



n 



qu\vdx = 0. (45) 
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From formulae (|4ip and (|43p in the construction of complex geometrical optics solutions, we have 

= / qu\vdx = I q(a 2 + a 2 )dx 
Jn Jn 

+- / g(a(oii + ai )2 ,i + h,i + 61,2,1) + a(ai,i + 01.2,1 + &i,i + &i,2,i))<fo: 

+ / g(aae 2r# + aae~ 2r ^)dx 
Jn 

1 / / 2 ^2 -M 2 _ 2 g- 1 g 2 -M 4 ^ 

WiA 9 5^ +,?a ^ 

+o(-) = as t -)• +00. (46) 
r 

Since the potentials g^ are not necessarily from C 2 (Q), we can not directly use the stationary 
phase argument (e.g., Evans [II]). Let function q £ Cq°(Q) satisfy q(x) = q(x). We have 

f qRe{aae 2Ti ^)dx= [ gRe (aae 2Ti ^)dx + f (q - q)Re (aae 2ri ^)dx. (47) 
Jn Jn Jn 

Using the stationary phase argument and (|19p . similarly to [2], we obtain 

f *t 2tM -2™^ 27r(g|a| 2 )(£)Ree 2 ™^ A\ 

/ g(aae 2 ™^ + aae 2r ^)(ix = — — 1 - ' j ho - as r ^ +00. (48) 

Jn r|(det^")(x)|5 W 

For the second integral in (|47j) we obtain 



, _(V^,^)e 2r ^ _(V^,^)e- 2r ^\ , 

<7 00 — in aa — — ^ — da 

1 2ri\Vi>\ 2 2Ti\Vip\ 2 ' 



1 

2~H 



e 2 ™Miv ((g - flc*^) " e- 2 ^div ((g - floa^) } (49) 
Since i(j\r = we have 

./an V 2ri|V</f 2Ti|WI 2 y y f 2Ti|VV>| 21 ^' " ' 

By (Jl|), ([6]) and Proposition 2.4 in [Tl] we conclude that 

f _{(Vip,v)e 2ri ^ (VV>,^)e- 2T ^\ , .1, 

/ QO-cl r^z — ro — rr; — = o( — ) as r — >■ +00. 

The last integral over Q in formula (|49j) is o(^) and therefore 

[ (q - q)(aae 2Tilp + aae- 2ri ^)dx = o(-) asr^+oo. (50) 
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Taking into account that ip(x) ^ and using (|48p . (|50p we have from (|46p that 



Wl 1 A , =0. 51 

|(det^")(^)l 5 

Hence q(x) = 0. In [T7] it is proved that there exists a holomorphic function <3? such that (jU)-© 
are satisfied and a point x G T~L can be chosen arbitrarily close to any given point in $7 (see [14]). 
Hence we have q = 0. The proof of the theorem is completed. □ 
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